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Abstract. In this article, we study convex affine domains which can cover a 
compact affine manifold. 

For this purpose, we first show that every strictly convex quasi-homogeneous 
projective domain has at least C 1 boundary and it is an ellipsoid if its bound- 
ary is twice differcntiable. And then we show that an n-dimensional paraboloid 
is the only strictly convex quasi-homogeneous affine domain in R n up to affine 
equivalence. Furthermore we prove that if a strictly convex quasi-homogeneous 
projective domain is C a on an open subset of its boundary, then it is C a ev- 
erywhere. 

Using this fact and the properties of asymptotic cones we find all possible 
shapes for developing images of compact convex affine manifolds with dimen- 
sion < 4. 



1. Introduction 

A convex affine n-manifold is a quotient of a convex affine domain SI in R" by a 
discrete subgroup T of Aff (n, R) acting on SI properly discontinuously and freely. We 
say that a convex affine manifold is complete if SI = R" and radiant if SI is a cone. 
Particularly if M is a compact convex affine manifold then SI becomes a divisible 
affine domain, i.e., its automorphism group contains a cocompact discrete subgroup 
acting properly. So the study of compact convex affine manifolds is equivalent to 
that of divisible convex affine domains and their automorphism groups. 

Compact convex affine 3-manifolds were classified completely: The complete case 
was treated by D. Fried and W. Goldman in JS] and the radiant case was treated 
by T. Barbot in PQ. The remaining cases were done by H. Cho in where she 
classified them by finding all 3-dimcnsional divisible convex affine domains which 
are not cones independently. 

Recently, Y. Benoist proved in that for any properly convex cone SI C R ra 
and a discrete subgroup T of Aff (n, R) which divides fl, one of the following three 
cases holds true: 

(i) SI is a product, 

(ii) SI is a symmetric cone, 

(iii) r is Zariski dense in GL(n,R). 

One of the oldest results in this subject is that any divisible convex affine domain 
SI must be a cone if it does not contain any complete line, which was proved by 
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Vey in 02] ■ If has a complete line it is isomorphic to R fe x S7' for some (n — fc)- 
dimensional convex affine domain SI' which does not contain any complete line. 
We see that the action of T on S7 induces a quotient affine action T on S7'. In 
general, T may not be discrete any more. But S7' still has a compact quotient by 
the action of T and thus becomes just a quasi-homogeneous convex affine domain, 
i.e., there is a compact subset K of SI' such that TK = SI' . So any divisible 
convex affine domain is isomorphic to the product of R fe and a quasi-homogeneous 
convex affine domain which does not contain any complete line. A good example 
is M x {(x, y) G R 2 | y > x 2 } (see |U| for details). 

For this reason we study quasi-homogeneous convex affine domains to understand 
compact convex affine manifolds. In this article we first show that an n-dimensional 
paraboloid £2, . . . , x n ) 6 R n | x n > x\ + x\ + ■ ■ ■ + x^-i} is the only strictly 
convex quasi-homogeneous affine domain in l n up to affine equivalence, in contrast 
with the fact that there are infinitely many quasi-homogeneous strictly convex 
projective domains (see ^||2HlESj)- To prove this we investigate strictly convex 
quasi-homogeneous projective domains, since strictly convex quasi-homogeneous 
affine domains are a special class of them. In general, any affine domain of R n can 
be considered as a projective domain via the well-known equivariant embedding 
from (R™, Aff(n, R)) into (RP™, PGL(n + 1, R)). So we often look at affine domains 
in the projective space. This enables us to use Benzecri's technique developed in 
convex projective domain theory jxj. 

Actually in section [3] we show that if SI is a strictly convex quasi-homogeneous 
projective domain, then 

(i) dtt is at least C 1 , 

(ii) SI is an ellipsoid if dfl is twice differentiabe, 

(iii) if 5S7 is C a on an open subset of <9S1, then <9S1 is C a everywhere. 

This implies that either any strictly convex projective domain which covers a com- 
pact projectively flat manifold is an ellipsoid or the boundary fails to be twice 
differentiable on a dense subset, which is a generalization of the 2-dimcnsional re- 
sult of Kuiper 

For divisible case, a similar result has been proved independently by Y. Benoist 
in 0] and he claimed in [2] that any quasi-homogeneous strictly convex projective 
domain which is not an ellipsoid, has a discrete automorphism group. We will also 
show the claim in section l5.3l 

Another earlier result related to this subject is that if SI is a strictly convex (in 
the sense that Hessian is positive definite) domain with C 3 boundary which has a 
cofinite volume discrete subgroup action, then SI is an ellipsoid 

To conclude that any strictly convex quasi-homogeneous affine domain is affinely 
equivalent to a paraboloid, we show in section l5^1 that its boundary is homogeneous 
and thus C°°. (Then the domain is projectively equivalent to an ellipsoid by the 
above result (ii) about quasi-homogeneous strictly convex projective domain and 
this implies that it is affinely equivalent to a paraboloid.) To do this we first prove 
that every strictly convex domain has an invariant direction under the action of 
its affine automorphism group, that is, it contains a half line which is invariant 
under the action of the linear part of its automorphism group. Generally, we 
will show in section 0] that every convex quasi-homogeneous affine domain SI is 
foliated by cosets of the asymptotic cone which is the maximal cone contained in 
£7 and invariant under the action of the linear part of the its automorphism group. 
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Using this asymptotic cone we find all the possible quasi-homogeneous convex affinc 
domains with dimension < 3. Then we find all the possible shapes for a universal 
covering space of compact convex affine manifold with dimension < 4. Finally, we 
give a partial result to the Markus conjecture which says that "A compact affine 
manifold is complete if and only if it has parallel volume." This conjecture was 
proved under some additional conditions about holonomy group by J. Smillie, D. 
Fried, W. Goldman, M. Hirsch, Carriere and so on. see [%]. [5]. (TIj [15]. |5T ] . [22]. 
|3U| . |38| . In this article we show that any compact convex affine manifold with 
dimension < 4 is complete if it has parallel volume. 

2. Preliminaries 

We present here some of the basic materials from Benzccri's convex domain 
theory that we will need later. We begin with some definitions. 

The real projective space RP™ is the quotient space of R n+1 \ {0} by the action 
of R* = R \ {0}. In an affine space, we usually denote the affine subspace generated 
by a subset A by (A). So we will use the same notation for a subset of MP™, i.e., 
for each subset B of MP" (B) means the projectivization of the affine subspace 
generated by 7r _1 (i?) in R™ +1 , where 7r is the quotient map from R™ +1 \ {0} onto 
MP" and we will call (B) the support of B. 

A quasi-homogeneous affine (respectively, projective) domain is an an open sub- 
set f2 of R™ (respectively, MP") which has a compact subset K C £1 and a subgroup 
G of Aut(il) such that GK = £1, where Aut(f2) is a subgroup of Aff(n,R) (respec- 
tively, PGL(n+ 1,R)) consisting of all affine (respectively, projective) transforma- 
tions preserving f2. Sometimes we say that G acts on syndetically . It follows 
that both homogeneous domains and divisible domains are quasi-homogeneous. 

As stated in the introduction, we can consider an affinc domain as a projec- 
tive domain and it is obvious that every quasi-homogeneous affine domain is a 
quasi-homogeneous projective domain. But a quasi-homogeneous projective do- 
main is not a quasi-homogeneous affine domain even if it is contained in an affinc 
patch of a projective space. For examples, any quasi-homogeneous strictly convex 
projective domain which is not an ellipsoid, is not a quasi-homogeneous affine do- 
main (this will be proved in section 7) and in fact there exist infinitely many such 
quasi-homogeneous strictly convex projective domains. (See ^7] and for the 
2-dimensional case and |2] for arbitrary dimensional cases.) 

For an affine domain fl C R™, we denote the group of all affine transformations 
preserving Jl by Aut a ff(Jl) to distinguish it from the group of all projective trans- 
formations preserving fl. Note that Aut a ff(il) is a closed subgroup of Aut(Sl). Also 
usually we denote the boundary of a domain f2 by dQ, but sometimes we will use 
the dc$l and <9 p il when it is necessary to avoid ambiguity and call them an affine 
boundary and a projective boundary of Jl, respectively. Note that d a Sl is a subset 
of dpVl and in fact <9 a £l = R™ f~l d p Cl. 

For a convex projective domain £1 C RP", wc define a relation ~ on £1 by defining 
x ~ y if either x = y or x ^ y and il has an open line segment I containing both 
x and y. It follows from the convexity of il that ~ is an equivalence relation : its 
symmetry is obvious by definition. See Fig. \I\for its transitivity. 

An equivalence class with respect to ~ is called a face of fl and we will call 
the closure of a face a closed face of Q. Note that a face is relatively open in 
its support and il is a disjoint union of all faces. A convex domain Q in RP™ is 
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called properly convex if there is no non-constant projective map of R into Q and 
strictly convex if dQ contains no line segment. From these definitions we see that 
any strictly convex domain is a properly convex domain. 

It is clear that the intersection of any family of convex sets is again convex. 
Therefore, for any subset A there is a smallest convex set containing A, namely, the 
intersection of all convex sets containing A. This convex set is called the convex 
set spanned by A, or the convex hull of A, and is denoted by CH(A). 

An affine subspace S is called a supporting subspace of a convex domain f2 in 
RP™ if following conditions are satisfied : 

(i) SnTi^ 0, and 

(ii) for any face F of such F D S ^ 0, F is entirely contained in S. 

We see immediately that the support of a face is always a supporting subspace and 
any hyperplane H tangent to dfl is a supporting subspace of Q. 

Example 2.1. 

(i) Let fl — {(x,y,z) G R 3 | y > x 2 , z > 0}. Then the z-axis is the support of a face 
{(0, 0, z) G R 3 | z > 0}, the y-axis is neither a support of any face nor a supporting 
subspace of Q, and the x-axis is not a support of any face but a supporting subspace 

ofn. 

(ii) Let f2 be the standard simplex in R™, that is, its vertices are {0, e±, . . . , e„}. Then 
{(x\, . . . , x n ) G R™ x n = 1} is a supporting subspace ofQ. (Note that this is not a 
quasi-homogeneous affine domain but a quasi-homogeneous projective domain.) 

The following definitions are equivalent to Benzecri's original definitions in 

Definition 2.2. 

(i) Let f2 be a properly convex domain in RP™ and let £l\ and Q2 be convex 
domains in (fii) and (O2) respectively. Q is called a convex sum of fii and 
^2, which will be denoted by £1 = Oi + Oa 9 if (Qi ) H (Q2) = and £1 is the 
union of all open line segments joining points in f2i to points in O2 - 

(ii) A fc-dimensional face F of an n-dimensional convex domain Q is called conic 
if there exist n — k supporting hyperplanes Hi, H 2 , ■ ■ ■ , H n _i s . such that 

Hi > H x n H 2 > ■ ■ ■ > Hi n • • • n ff n -* = (f)- 

(iii) Let 17 be a properly convex domain in MP™ . We say that has an osculating 
ellipsoid at p G dfl if there exist a suitable affine chart and a basis such 
that the local boundary equation on some neighborhood of p — (0, . . . , 0) 
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is expressed by x n = f(x\, . . . , 



,x n -i) and 
f(xi, . . . ,x n _i) 



lim — 

(xi,...,x n _i)— >0 Xi 



i 2 H h x„_i 




Remark 2.3. From Definition \2. c A (ii). any (n-t)- dimensional face is conic. 
Example 2.4. 

(i) Let ft be a simplex. Then every face of ft is conic. 

(ii) Let ft = {(x, y,z) G R 3 \ y > x 2 , z > 0}. Then it is a quasi-homogeneous affine 
(and so projective) domain and the subset {(0,0, z) 6 R 3 | z > 0} is a non-conic 



2.1. Spaces of convex bodies in MP™. In 1960, Benzecri developed projective 
convex body theory in We recall here some important results among them, 
which can be also found in We will follow Goldman's notation |19j . 

First, we call a subset K C RP re a convex body if K is the closure of a properly 
convex domain of RP™. Equivalently, K is a convex body if if is a closed convex 
subset with nonempty interior of RP" which does not contain any complete line. 

Let C(n) denote the set of all convex bodies in RP™, with the topology induced 
from the Hausdorff metric on the set of all closed subsets of RP™ . Let 



be the corresponding set of pointed convex bodies with topology induced from the 
product topology on C(n) x RP". 

Theorem 2.5 (Benzecri). PGL(n + 1,R) acts properly and syndetically on C*(n). 
In particular the quotient C*(n) / PGL(n + 1, R) is a compact Hausdorff space. 

Remark 2.6. While the the quotient C*(n) / PGL(n + 1, R) is Hausdorff, the space 
of equivalence classes of convex bodies C(n)/PGL(n + 1,M) is not Hausdorff. Some 
basic examples can be found in J7j and in C.16 of |19| . 

Using the above theorem, he proved the following important result. 

Theorem 2.7 (Benzecri). Let ft c RP™ is a quasi-homogeneous properly convex 
domain. Then the corresponding point [ft] € C(n)/ PGL(n + 1,R) is closed, that 
is, if g n ft converges to some properly convex domain ft' C RP™ for some {g n } C 
PGL(n + 1,R) 7 then ft is projectively equivalent to ft' . 

Theorem 2.8 (Benzecri). (i) Let ft be a properly convex projective domain in 
RP™ and F be a conic face of ft. Then there exist a projective subspace L of 
RP™ and projective automorphisms {hi} o/RP™ such that {hifl} converges 
to F + B for some properly convex domain B in L. 

(ii) // a properly convex domain ft has an osculating ellipsoid Q, then there 
exists a sequence {g n } C PGL(n + 1,R) such that g n fl converges to Q. 

(iii) Let ft = fli+fl2. Then ft is quasi-homogeneous (respectively, homogeneous) 
if and only if fti is quasi-homogeneous (respectively, homogeneous) for each 
i. 

(iv) Let ft be a quasi-homogeneous properly convex domain in RP™ and L a 
linear subspace of RP™ of dimension r such that L n ft has a conic face 
F. Then there exists a section which is projectively equivalent to an r- 
dimensional properly convex domain F+B for some suitable properly convex 
domain B of dimension r — (dim(F) + 1). 

Here a section means an intersection of a projective subspace and ft. 



face of ft . 



C„(n) = {(K,x) e C(n) x RP™ | x € int(K)} 
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Corollary 2.9. Any quasi-homogeneous properly convex projective domain which 
is not strictly convex has a triangle as a 2- dimensional section. 

Proof. Let fl be a domain satisfying the hypothesis. Then dfl contains a line 
segment I. Considering a 2-dimensional plane P which intersects VL and contains 
I, we see that I is a conic face of P f)fl. By Theorem 12.81 (iv), we get the desired 
result. □ 

3. Aut(O) and its limit projective transformations 

Any properly convex projective domain is projectively equivalent to a bounded 
convex domain in an afhne space. So we can define on any properly convex pro- 
jective domain a complete continuous metric which is invariant under the action of 
Aut(fi). This metric is called the Hilbert metric and defined as follows. 

Definition 3.1. Let fi be a bounded convex domain in R™. For any two different 
points pi,P2 € f2, we define dH{pi,P2) to be the logarithm of the absolute value of 
the cross ratio of (s±, S2,pi,P2), where si and S2 are the points in which the line 
P1P2 intersects dfl. For p\ — p2, we define <\h(jPi,P2) = 0. 

Since PM(n + 1,R), which is the projectivization of the group of all (n+1) by 
(n+1) matrices, is a compactification of PGL(n + 1,R), any infinite sequence of 
non singular projective transformations contains a convergent subsequence. Note 
that the limit projective transformation may be singular. For a singular projective 
transformation g we will denote the projectivization of the kernel and range of g 
by K{g) and R(g). Then g maps MP™ \ K(g) onto R(g) and the images of any 
compact set in RP" \ K(g) under the convergent sequence gi, converge uniformly 
to the images under the limit transformation g of gi (see [7] and |23|). 

Lemma 3.2. Let Q be a properly convex domain in RP™ and let {gi} C Aut(Q) 
be a sequence converging to a singular projective transformation g £ PM(n + 1,R). 
Then, 

(i) K (g) is a supporting subspace of fl, 

(ii) R(g) = (R(g) H dfl) and R(g) is a supporting subspace ofQ. 

Proof. In Ul p310-311], Benzecri proved that K(g) is a supporting subspace 
and R(g) = (R(g) P\dfl). So it suffices to show that R(g) is a supporting subspace of 
il. Suppose not. We can choose two points {x, y} which are contained in d£lriR(g) c 
such that xyDR(g) is a point, that is, xy meets R(g) transversally. Then we can find 
a small neighborhood U of R(g)C\dVl in RP™ which does not contain any e-ball with 
respect to the Hilbert metric on il. But any compact e-ball neighborhood B(z,e) 
of a point z in O is mapped into U PI f2 under the gi action for sufficiently large z, 
since gi(B(z, e)) converges uniformly to g(B(z, e)) C R(g)nd£l. This contradiction 
completes the proof. □ 

Remark 3.3. 

(1) Note that neither K{g) nor R(g) intersects £1 since dimK(g) < n and 
diraR(g) < n in this situation. 

(2) It follows from (ii) of the above lemma that R(g)ndfl is a closed face of CI. 
In fact, we can show that any supporting subspace L satisfying L = {Lndfl) 
is always a support of a face. 
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Lemma 3.4. Let f2 be a quasi-homogeneous properly convex domain in MP™ and G 
a subgroup of Aut(Q) acting on Q syndetically. Then we get the following : 

(i) For each point p G dQ, there exists a sequence {gi} C G and x G fi such 
that gi{x) converges to p. 

(ii) For any accumulation point g of {gi}, R(g) is the projective subspace gen- 
erated by the face containing p. 

Proof. 

(i) Choose a straight line segment I in fi with initial point in fi and endpoint p. 
Let if be a compact generating domain of fi. Then £ intersects an infinite 
series of different images of if ; gi(K) 7 g2{K), .... Choose xi G £r\gi(K) for 
all i. Then we have g^ 1 (x i ) G if and thus we can choose x G if which is 
one of the accumulation points of {g^ 1 {xi)} since if is compact. We may 
assume {gi} converges to g. Since dii(gi(x), x{) = du{x, g~ {xi)) converges 
to 0, d(gi(x), Xi) also converges to 0, where dn is a Hilbert metric and d is 
the standard metric of RP™. We see that d(gi(x),p) < d(gi(x),Xi) + d(xi,p) 
and this implies that gi (x) converges to p. 

(ii) Obviously g is a singular projective transformation. Let F be the face of fi 
which contains p. Then by Lemma l3~^l i?fo'l contains F and R(g) = (R(g) H 
<9fi). Since p must be an interior point of R{g) n <9fi, we get R(g) = (F). 

□ 

Lemma 3.5. Let {/,} be a sequence in Aff(n,M.)(< PGL{n + 1,R)). Suppose that 
fi converges to f G PM(n + 1,R) with R{f) n R™ ^ 0. Then K(f) n R™ = 0. 

Proof. Suppose if (/) n R" ^ and choose x G if (/) n R™. For any one- 
dimensional affine subspace L such that L n if (/) = {a;}, L \ {x} is mapped into a 
point in i?(/) by /. Since every one-dimensional affine subspace through x meets 
dR n = KP'i -1 , for any p G R(f) there exist q G dR n \K(f) such that fi(q) converges 
to p = f{q). Now we choose any point y in R n \ K(f) such that f(y) G R(f) flR". 
Then the onc-dimcnsional affine subspace Z^j, containing x and y intersects 9R™ at 
a point z. Since l xy r\K(f) = {x}, z is not contained in if (g) and so fi{z) converges 
to f(z) — f(y). But this is impossible since fi{z) G fi(dW L ) = dW 1 for all i and 
f{y) G M™. This completes the proof. □ 

Lemma 3.6. Let Q be a quasi-homogeneous properly convex affine domain in R". 
Then d a Q does not have any bounded face with dimension k > 0. 

Proof. Let I be a supporting subspace of dim k such that S — d a ft f) L is a 
bounded closed subset of L with nonempty interior. By Lemma 13.41 there exists a 
sequence {fi} C Aut a ff (f2) which converges to / G PM(n+l, R) with R(f) — L since 
intS is a face of fl. Then Lemma 1531 implies that if (/) C <9R™ and if(/) ^ <9R n 
since k > 0. Note that fi(dR n ) = dR n for each i and this implies /(<9R™ \ if (/)) C 
d« n . 

Let if be the linear subspace of all points with direction in if (/). Then if is (n — 
fc)-dimensional. Choose any fc-dimensional linear subspace N which is transversal 
to if and consider a projection p from R n to N satisfying p(x + k) = x for any 
x G M™ and any k G if . Suppose p(fl) is not bounded in N. Then there exist 
sequences {x n } C N and {y n } C such that y„ G x n + if and x n converges to 
a point Xoo in AT n 9R" C 9R" \ if (/), where N means the closure of N in RP™. 
Observe that f{x n ) — f(y n ) since y n lies in the projection of 7r _1 ((a; n , if (/))). But 
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f{x n ) converges to a point /(xoo) in L n cM™ and f(y n ) is a point 5 = L n 90. 
This is a contradiction. So p(f2) must be bounded in N. This implies that f2 must 
lie between two parallel hyperplanes. But it is known that any quasi-homogeneous 
affine domain can not lie between parallel hyperplanes (see |32j1. □ 

For a properly convex open cone Vey showed in [42] that Aut a ff (O) acts properly 
on Q using the properties of the characteristic function of f2. In fact we can prove 
the following. 

Proposition 3.7. Let Q be a properly convex domain in MP" and G be a closed 
subgroup of Aut(Q). Then G acts properly on O. 

Proof. Let K and L be compact subsets of fi. Define C(K, L) c Aut(f2) by 

C(K,L) = {g &G\gK nZ^0}. 

Let {g n } C C(K, L) be a sequence converging to g G PM(n+l,R). By the definition 
of C(K, L), there exists x n G K such that g n x n G £ for each n. Since if and L are 
compact, we may assume that x n converges to x G K and g n x n converges to y G L 
by choosing a subsequence if necessary. Then, 

d H (g n x,y) < d H (g n x,g n x n ) + d H (g n x n ,y) 
= d H (x, x n ) + d H (g n x ni y), 

lim d H {g n x,y) = 0, i.e. lim g n x = y. 

n — >oc n — ^oo 

Suppose g is singular. By Lemma l3.2l fi). x K(g) and thus gx = y is contained 
in R(g). This contradicts Lemma [3.21 (ii). Therefore g is nonsingular and so g € 
C{K,L). This implies that C(K, L) = C(K,L) in PM(n + 1,M) and we conclude 
that C(K, L) is compact. □ 

The following lemma is actually an immediate corollary of the above proposition, 
but we give a direct proof here. 

Lemma 3.8. Let Q be a properly convex projective domain in MP" and G be a 
closed subgroup of Aut(Cl) < PGL(n + 1,K). Then each G-orbit is a closed subset 
of CI. 

Proof. Let x E £1 and y € Gx D il. Choose a sequence {g n } of automor- 
phisms such that limn^oo g n x — y. Then there exists a subsequence {g nk } of {g n } 
converging to some g £ PM(n + 1,R) by compactness of PM(n + 1,M). Suppose 
g is singular. Then by Lemma |3. 21 we know x ^ K(g) and this implies y € R(g)- 
This contradicts Lemma 21 So g can not be singular, that is, g £ Aut(fi). Thus 
y = gx G Gx since G is closed in Aut(O). □ 

The following theorem is well-known and a proof is given in Theorem 6.5.1. of 

m 

Theorem 3.9. Let F be a group of isometries of a metric space X and dr the orbit 
space distance function 

d r : X/T x X/T -» R 

defined by the formula 

dr(Tx, Ty) = distfTa;, Ty) = inf{ii(zi, z%) \ z\ G Tx and Z2 G Ty}. 
Then dr is a metric on X/T if and only if each T-orbit is a closed subset of X . 
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By Lemma ET^l and Theorem 13. 91 we obtain a metric c!g on the orbit space G\ f2 
using da as follows: 

(1) d G (Gx,Gy) = inf d H {gx,g'y). 

g,g'£G 

Since dn is invariant by projective automorphism, we have 

d G (Gx,Gy) = mfd H (x,gy). 

Up to now we have shown that the Hilbert metric on a properly convex domain f2 
descends to the orbit space G\ f2 if G is a closed subgroup of Aut(fi). In addition, 
we can show that the distance between the two orbits Gx and Gy is realized by the 
Hilbert distance between two points xq G Gx and yo G Gy in f2. 

Lemma 3.10. Let G be a closed subgroup of PGL(n + 1,R). Then for each pair 
(Gx,Gy) G G\fl, there exists g xy G G such that dc{Gx,Gy) = dH(x,g x , y y). 

Proof. By there exists a sequence {g n } C G such that djy(a;, g n y) converges 
to dc(Gx, Gy). For any r > do(Gx, Gy), there exists N > such that g n y G B(x, r) 
whenever n > N . We may assume that {<?„} converge to a projective transformation 
g G PM(n + 1,R) by taking a subsequence if necessary. If g is singular then g n y 
converges to some point in dtt. This is a contradiction. Therefore {g n } converges 
to g x ,y £ G and so we get 

du(x,g x , y y) = lim d H (x 7 g n y) 

n — >oo 

since g n y converges to goy G O. □ 

4. Asymptotic cone 

As a special subclass of quasi-homogeneous convex projective domains, quasi- 
homogeneous convex affine domains have some important properties which distin- 
guish them from other projective domains. They contain a cone invariant under the 
action of linear parts of their automorphism groups, which is called an asymptotic 
cone. This terminology was originally introduced by Vey in |42| . 

Definition 4.1. Let ft be a convex domain in 1™. The asymptotic cone of ft is 
defined as follows: 

AC(fi) = {u G K" | x + tu G fl, for all x efl,t> 0}. 

By the convexity of f2, for any iq £ fl, 

AC(fl) = AG X0 (n) := {u G K" | x + tu G O, for all t > 0}. 

Note that AC(fi) is a properly convex closed cone in R™ if O is properly convex. 

Remark 4.2. (i) It is well known that there is no bounded quasi-homogeneous 
affine domain (see [1]). So we see that AC(fl) is not empty if £1 is quasi- 
homogeneous. 

(ii) Actually, the asymptotic cone of fl is the maximal closed cone which can be 
contained in £1. 

Now we will show that any properly convex quasi-homogeneous affine domain 
is foliated by cosets of its asymptotic cone. To prove this, we need the following 
result (see H2J). 
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Theorem 4.3 (Vey). Let £1 be a properly convex open cone in R" and G < GL(n, R) 
acts syndetically on CI. If L is a G-stable subspace generated by the cone CldL, the 
sections Cl x — CI n [x + L) are cones for each x G CI. 

Let L be the linear subspace of M. n which is generated by AC(fi) and Cl x the 
intersection of CI and the afhne subspace x + L, that is, Cl x — CI D x + L. Then we 
see immediately that x + AC(fi) C Cl x for all x G CI since CI is convex. Actually 
we can show that Cl x is the translation of AC(fi) for all x G CI. More precisely, 
any section of CI which is cut in parallel with L is itself a cone, which is exactly an 
asymptotic cone. 

Theorem 4.4. Let CI be a properly convex quasi-homogeneous affine domain in 
R™. Then CI admits a parallel foliation by cosets of the asymptotic cone of CI, i.e., 
Cl x is a translation of the asymptotic cone of CI for all x E CI. 

Proof. In the vector space R' i+1 = {(x,t) \x G R n ,t G R}, the affine hyper- 
plane Li = {(x, t) | x G R™, t = 1} is isomorphic to R n . So we can consider CI as an 
open set of L±, and G as a subgroup of GL(n + 1, R) conserving L\ and Lo by the 
following correspondence: 

(i,p) : (R",Aff(n,R)) -» (R" +1 , GL(n + 1, R)), 

%\X\) . . . ) Xfi) — (xi , . . . , x n , 1) , 

p{A,a) = ( q * J . 

We define a properly convex open cone f^i of R n+1 : 

Cli = {(x,t)\t> 0, — G fl}. 

We easily see that Cli n io is isomorphic to the asymptotic cone of CI. Let Gi be 
the subgroup of GL(n + 1,R) generated by G and 2 m / n +i (m G Z). Then Gi acts 
on fli and preserve Lq. And we have the following equalities: 

Cl x = fti n (x + (i n HT)) 

= fin (x+ (L nITi"}) 

= fi n (x + (AC(n))) for any x £ CI. 

By applying Theorem 14.31 to L = (Lq n f2i), we see Cl x must be a cone and thus 
must be the asymptotic cone of CI by convexity. □ 

From Theorem 14 . 41 we get the following corollary which was originally proved by 
Vey @2 

Corollary 4.5. Lei CI be a properly convex quasi-homogeneous affine domain in 
K n . If the dimension of AC(Cl) is equal to n, then CI is a cone. 

Theorem l4 . 41 implies that for each x £ CI there exists a point s(x) in its boundary 
such that Cl x = AC(fi) + s(x). So we get a continuous map s : CI — > dCl and an 
one parameter group of homeomorphisms of CI by the following formula: 

c t (x) = s(x) + e t (x - s(x)) for t G R, x G fl 

This flow preserves every asymptotic section Cl x and gives a nonvanishing vector 
field on CI which is similar to the Euler vector field of any cone. 
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Definition 4.6. (i) We call p G dfl an asymptotic cone point of a properly 
convex affine domain f2 if p is a cone point of Q x for some x G H, that is, 
p = s(x) for some x G J7. 
(ii) We call p G 9f2 an extreme point of a properly convex projective domain if 
p is not expressed by a convex sum of any two points in dCt, or equivalently, 
a zero dimensional face of Q,. 

It is well-known that if O is a properly convex domain in WP n then O is the 
closed convex hull of the set of its extreme points (the Krein-Milman theorem; see 
|36j ) . The following proposition says that asymptotic cone points of any properly 
convex affine domain are the only extreme points in R", that is, all other extreme 
points are at infinity. 

Proposition 4.7. Let 0, be a quasi-homogeneous properly convex affine domain 
in R™. Let E be the set of all extreme points of c MP" and S the set of all 
asymptotic cone points s(x). Then 

E = SUE ao 

where Eoo denote the set of all extreme points of AC(£l) R RPJJ^ 1 = O l~l RP^ -1 . 

Proof. 

(i) S C E 

Suppose not. Then there exists an open line segment I C fl which 
contains a point s(x) for some x G f2. Note that ab is obviously contained 
in dfl since s(x) G d£l. Let F be the face containing s(x). By Lemma 
13.61 we know that F cannot be bounded and so it contains an asymptotic 
direction v. This means that s(x) + tv G F for all t > 0. Since F is open 
in (F), we can choose a negative real number t such that s(x) + tv G F. 
But this contradicts that s(x) is an asymptotic cone point. Therefore we 
conclude that S C E. 

(ii) E^cE 

This follows from the fact that any extreme point of a face of Q is an 
extreme point of 17. 

(iii) £c5U£ M 

Let e £ R™ be an extreme point of f2, that is, e 6 E \ E^. Consider the 
affine cone e + AC(il). The convexity of £1 implies that e+AC(£!) is a subset 
of II. If (e + AC(f2)) n SI 7^ 0, then e + AC(O) must be a section of ft by 
Theorem IPl and thus e£ S. If e + AC(0) C 90, then e + AC(f2) must be a 
closed face of J! by Theorem l4.4l again. Choose a sequence {g n } C Aut a g (O) 
converging to g G PM(n + 1,R") such that R(g) = {e}. Then K(g) = <9R n 
by Lemma f3. 51 and so g n (s) converges to e for any s G 5. Since <?«,(•?) G 5, 
we get e G Snl". _ 

Suppose that S' = (S n R") \ S is not empty. Since S, R n and S are 
preserved by Aut a g(f2), so is S' . Choose sq G S and a sequence {g n } C 
Aut aff (0) converging to g G Aut(O) < PM(n + 1, R") such that R(g) = s . 
Then K(g) = 9R™ and any point of R™ converges to so. But all point of S' 
cannot converge to so since gn^S 1 ) = S' for all g n and 5* is an open subset 
of S. Therefore we conclude e G S. □ 
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5. Strictly convex quasi-homogeneous domains 

We will show in this section that there is only one strictly convex quasi-homogeneous 
affinc domain up to affine equivalence, although there arc infinitely many quasi- 
homogeneous strictly convex domains in RP™ as mentioned in the Section [2J To 
do this, we first investigate strictly convex quasi-homogeneous projective domains 
since every strictly convex quasi-homogeneous affine domain is a strictly convex 
quasi-homogeneous projective domain, as will be shown later in this section. For 
example, a strictly convex affine domain D = {(a;, y) 6 K 2 | y > 1/x} is not strictly 
convex when it is considered as a projective domain, and it is easy to show that D 
is not quasi-homogeneous. 

5.1. Strictly convex quasi-homogeneous projective domains with twice 
differentiable boundary. The aim of this section is to prove 

Theorem 5.1. Let f2 be a strictly convex quasi-homogeneous projective domain 
with twice differentiable boundary. Then O is projectively equivalent to a ball. 

This was already proved in two dimensional case by Kuiper |29| and Benzecri 
[?]■ For arbitrary dimensional cases, we need some lemmas. 

Lemma 5.2. Let f and g be twice differentiable real-valued functions defined on 
(-r,r). Suppose f(0) = g(0), /'(0) = g'(0) and f(x) > g{x) for all x € (-r,r). 
Then /"(0) > g"(0). 

Proof. If f'(x) < g'{x) on [0, a) for some a > 0, then / — g is a non-increasing 
function on [0, a). Since / — g > and (/ — g)(0) = by hypothesis, (/ — g)(x) = 
on [0,a) and this implies /"(0) = g"(0). 

Otherwise, for each integer n > there exists a positive real number p n such 
that p n < 1/n and f'(p n ) > g'(Pn)- Twice differentiability of / — g implies the 
following equalities. 

no) - 9"(o) = inn m_m = lim im^m 

h— >0 h n^oo p n 

Since for any n 

f'(Pn) -g'(Pn) Q 
Pn 

we conclude /"(0) - g"(0) > 0. □ 

Lemma 5.3. Let f be a strictly convex twice differentiable function defined on an 
open subset D o/M". Then there exists a point x £ D such that the Hessian of f 
at x is positive definite. a 

Proof. We can choose a hemisphere which lies below and touch the graph 
of / at some x 6 D. Let g be the defining function of the hemisphere. Then 
the Hessian of g is positive definite everywhere. By the above lemma, we see 
D^f(x) > D%g(x) > for any direction v and this yields the desired result. □ 

The proof of Theorem 15. II First we choose an affine chart containing il. Let 
/ be a local boundary equation of f2. By Lemma 15.31 there exists a point p in dfl 
such that the Hessian of / at p is positive definite. By Corollary 6 of Rockafellar 



a The author learned the idea of the proof from Prof. Mohammad Ghomi. 
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. any twice differentiable convex function has a second-order Taylor expansion 
and thus we can take a suitable basis of M. n such that p = (0, . . . , 0) and 

Km fi r- r - ij , = I- 

(xi,...,a„_i)^o X\ z H h a; n -i^ 

This means that SI has an osculating ellipsoid and so SI is projectively equivalent 
to a ball by Theorems E3 and ED. (ii) . □ 
The above proof says in fact the following. 

Proposition 5.4. Let fl be a strictly convex quasi-homogeneous projective domain 
whose boundary is twice differentiable on some open subset. Then SI is projectively 
equivalent to a ball. 

5.2. Strictly convex quasi-homogeneous affine domains. In this section we 
will show that an n-dimensional paraboloid is the only strictly convex affine domain 
in M n up to affine equivalence, as stated in the beginning of this sectional We will 
obtain this result through the following steps. 

(I) Every strictly convex quasi-homogeneous affine domain has an 1-dimensional 

asymptotic cone, that is, it has an invariant direction. 
(II) The boundary of any strictly convex quasi-homogeneous affine domain is 

homogeneous and thus of class C°° . 
(Ill) A strictly convex quasi-homogeneous affine domain is affinely equivalent to 
a paraboloid. 

Proposition 5.5. Let SI be a quasi-homogeneous properly convex affine domain in 
R n . Then SI is strictly convex if and only if AC(Q) is one-dimensional. 

Proof. Suppose SI is strictly convex and dimAC(Sl) > 2. Consider SI as a 
projective domain. Then AC(fi) fl RP™^ 1 is a closed face of SI with dim > 1, and 
thus SI C MP™ has a line segment £ in d p fl. (Note that this implies that fl is not 
strictly convex as a projective domain.) From Theorem 12.81 (iv), we see fl has a 
triangular section, and thus d a SlnR™ has also a line segment. But this contradicts 
the fact that SI is a strictly convex affine domain. 

asymptotic line 




s(U) 

Figure 2. 

To prove the other direction, suppose that dim(AC(Sl)) = 1 and SI is not strictly 
convex. Suppose that there exists an open neighborhood U C M. n of p € 9 a Sl such 
that 9 a Sl fl U has no line segment. Then p is an extreme point of SI and there exist 
{<7i} C Aut(Sl) such that lim^oo gi= g and R(g) = {p} by Lemma \'3. 41 Note that 
SI fl dM. n is one point set which equals to AC(S1) n <9R™. For any open subset V of 
9i(V) converges uniformly to p, since R ra does not intersect K(g) by Lemma 
ET51 (In fact, K(g) is exactly dR n = MP™ -1 .) Thus gi (V) C U for sufficiently large 
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i and this implies gi(V) D d a fl has no line segment and so does V fl d a fl if it is not 
empty. Since V is arbitrary we conclude that d a fl has no line segment, which is a 
contradiction. So fl can not be strictly convex anywhere, i.e., any affine boundary 
point of fl does not have a neighborhood containing no line segment. 

Let L be an one dimensional linear subspace generated by AC(O). For each 
x G fl, we defined s(x) in section^Jby the point in d a fl satisfying the following: 

s(i) + AC(n) = nn(x + L). 

Recall that the map s : fl — > d a fl is continuous. Now choose an open set U 
contained in fl. Then s(U) is an open subset of d a fl. Since fl is not strictly 
convex everywhere, s(U) contains an open line segment I. But by Lemma 13.61 d a fl 
can't have any nonzero dimensional bounded face. Therefore the asymptotic half 
line must be contained in the face containing I. But this contradicts that every 
asymptotic line starting at a point in s(U) passes U C fl (see the figure^. □ 

Remark 5.6. This proposition implies that every strictly convex quasi-homogeneous 
affine domain is also strictly convex as a projective domain. 

Proposition 5.7. Let fl be a quasi-homogeneous affine domain in W 1 . If fl is 

strictly convex, then its boundary is homogeneous. 

Proof. Let G be a subgroup of Aff(rt,K.) which acts syndetically on fl. By 
Proposition 15. 51 there exists a one-dimensional vector space L such that AC (fl) = 
fl n L is a half line. For each x £ fl, the intersection fl x = fl n (x + L) is a half line 
and s(x) is the starting point of fl x . As stated in section the map s : fl — v d a fl 
is continuous and induces a one-parameter group of homeomorphism of fl by the 
following formula : 

c t {x) = s(x) + e t (x - s(x)) for t e K, x E fl. 

It is easy to show that ct is d#-decreasing for t > (see figure |3J) when fl is strictly 
convex, that is, 

d H (ct(x),c t (y)) < d H (x,y) for all t > 0. 




On the other hand, we see that g(fl x ) = flgx since L is an invariant direction, 
that is, since L is invariant under the action of the linear parts of Aut a ff(f2). This 
implies 

(2) s(gx) — gs(x) for all g G G. 

We may assume G is closed in AS(n, R). Then G acts on fl properly by Proposition 
13.71 Now we can define c t on the orbit space G\ fl by (J2J. In fact, for all g 6 G 
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and y € Ct 

ct{gy) = s(gy) + e t (gy - s{gy)) = gs{y) + e\gy - gs(y)) 

= e l gy + (1 - e t )gs{y) = g{e l y + (1 - e*)s(y)) = gc t (y) 

since every afHne transformation preserves a convex combination. Note that Lemma fc.lOl 
implies that there exists g x ^ y £ G such that 

(3) d G (Gx, Gy) = d H (x, g x>y y) 

where d G is defined in pjl. 

It is obvious that for t > 0, the homeomorphisms c t of G \ CI are distance 
decreasing. By the way, the fact that G acts on CI syndetically implies that G\Cl is a 
compact metric space and it is well known that every distance decreasing surjection 
from a compact metric space onto itself is an isometry. But Ct is strictly distance 
decreasing on CI for any pair {x,y) such that s(x) ^ s(y), that is, dn{x,y) > 
d H (c t (x),c t {y)). 

Suppose there exists a pair (x, y) such that s{x) ^ gs(y) for all g £ G. Then we 
have 

d G (Gx, Gy) = d H (x,g x . y y) > d H ((k{x), c t (g x , y y)) = d H (c t (x), g x , y c t (y)) 
and this implies 

d G (Gx,Gy) >d G (c t (Gx),c t (Gy)). 
This is a contradiction. Therefore, for any pair (x,y) we get s(x) — gs(y) for some 
g G G and so we conclude that d<Sl is homogeneous. □ 

Remark 5.8. We showed in the proof of the above proposition that the set of all 
asymptotic cone points S is homogeneous when it is strictly convex. In this case, 
S = dQ since has a 1-dimensional asymptotic cone. In case dimAC(f2) is not 
1- dimensional, S is a proper subset ofdCl. For example, iffl — {(x, y, z) 6 R 3 | x > 
0, y > z 2 } then S = {(0, y, z) £ R 3 | y = z 2 }. S seems to be still homogeneous even 
in the case o/dimAC(f2) > 1, which implies that the Lie group Aut(f2) is at least 
of dimension n — dim AC(f2). But this is not proved yet. 

Now, we get the following main theorem of this section. 

Theorem 5.9. Every strictly convex quasi-homogeneous affine domain in W" 1 is 
affinely equivalent to an n- dimensional paraboloid. 

Proof. We have shown in Theorem 15 . 71 that d a Sl is homogeneous and we can 
see <9 Q f2 is twice differentiable almost everywhere by Corollary 6 of [351 ( m fact, 
d a Sl is C°° since it is the orbit of the Lie group Aut(f2)). But the homogeneity of 
<9 a f2 implies that <9 a f2 is twice differentiable everywhere and thus is projectively 
equivalent to a ball in RP™ by Proposition 15.41 since fl is also strictly convex when 
it is considered as a projective domain. Therefore we conclude that fl is affinely 
equivalent to a paraboloid since 57 n <9R" = AC(57) R 9R™ is a point by Proposition 

ESI □ 

5.3. Strictly convex quasi-homogeneous projective domains. Using the re- 
sults of the previous section, we will show that if SI is a strictly convex quasi- 
homogeneous projective domain, then 

(i) d^l is at least C 1 , 

(ii) is an ellipsoid if dfl is twice differentiabe, 
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(iii) if dfl is C a on an open subset of dfl, then dfl is C a everywhere. 
Note that we already proved (ii) in Thcorem l5.ll Now we prove (i). 

Proposition 5.10. Let fl be a quasi-homogeneous properly convex domain in MP™. 
Then fl is strictly convex if and only if the boundary of fl is continuously differen- 
tiable. 

Proof. Note that for a convex function, the differentiability implies the conti- 
nuity of the derivative (see Corollary 25.5.1 of and the existence of all partial 
derivatives implies the differentiability (see P-27). So, to prove that dfl is C 1 
it suffices to show that dfl has partial derivatives everywhere. Suppose that fl is 
strictly convex and there exists a point x G dfl at which dfl does not have some 
partial derivative. Then we can choose a 2-dimensional subspace H such that H nfl 
is a 2-dimensional section of fl containing x in its boundary and d(H n fl) is not 
differentiable at x. This means that a; is a conic face of H n fl, hence fl has a 
triangular section by Theorem l2.8l (iv). But this contradicts the strict convexity of 
fl 

Now we prove the converse. Suppose that dfl is differentiable and fl is not strictly 
convex. Since fl is not strict convex, fl has a triangular section by Corollary 12. 91 
This implies that dfl can not be differentiable at any vertex point of the triangle. 
This contradiction completes the proof. □ 

Proposition 5.11. Let fl be a quasi-homogeneous strictly convex domain in MP". 
If dfl is C a on some neighborhood V of p G dfl, then dfl is C a . 

Proof. We showed in Lemma [3.41 that for each point p 6 dfl, there exists a 
sequence {g n } C Aut(Q) and x € fl such that g n x converges to p. 

Obviously g is singular. By Lemma \'6. 21 K(g) n fl = and R{g) n fl — 0. Strict 
convexity of fl implies that the rank of g is 1 and R{g) = {p} and K(g) n dfl must 
be a single point, say q, by Lemma 13.21 again. For any y G dfl \ {q}, g(y) = p 
and thus &(y) G V. Then g^{V) is a C"neighborhood of y. Therefore dfl is C a 
except q = K(g) n fl. Suppose that dfl is not C a at q. Then q must be a fixed 
point. Since dfl is always C 1 by Proposition l5 . 1 01 there exists a unique supporting 
hyperplane H and thus H is invariant under Aut(f2). So fl must be a strictly 
convex quasi-homogeneous affine domain and so it is projectively equivalent to a 
ball by Theorem 15. 91 This contradicts that dfl is not C a at q. Therefore dfl is C a 
everywhere. □ 

From Propositions 15. 1(71 and l5~TTl and Theorem 15. II we get immediately the fol- 
lowing proposition. 

Proposition 5.12. Let fl be a strictly convex quasi-homogeneous domain in MP 71 . 
Then either (i) fl is an ellipsoid, or (ii) dfl is C 1 and fails to be twice differentiable 
on a dense subset. 

A compact convex projective manifold M is a quotient of a convex projective 
domain fl in MP™ by a discrete subgroup T of PGL(n + 1,M) acting on fl properly 
discontinuously and freely. From the above proposition we get 

Corollary 5.13. // a strictly convex projective domain fl covers a compact projec- 
tively flat manifold, then either fl is an ellipsoid or dfl fails to be twice differentiable 
on a dense subset. 

Remark 5.14. This corollary was proved in the 2-dimensional case by Kuiper 29 . 
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The following proposition shows that there is no quasi-homogeneous strictly 
convex projective domain which is not divisible. In the 2-dimensional case, there 
is a more elementary and direct proof, which will be given in the next section. 
In fact, we will show later that every 3-dimensional quasi-homogeneous properly 
convex affine cone is divisible. It seems to be true that any irreducible properly 
convex projective domain is either homogeneous or divisible. Y. Benoist proved 
this when the domain has an irreducible automorphism group. 

Proposition 5.15. Let be a strictly convex quasi-homogeneous projective domain 
in MP™. Suppose that Q is not an ellipsoid. Then Aut(Cl) is discrete and so Q is a 
divisible domain. 

Proof. By the Proposition 4.2 of 0, it suffice to show that Aut(fi) is irre- 
ducible. Suppose Aut(fi) is reducible and L is a projective subspace of RP™ which 
is invariant under the action of Aut(fi). Then L D O = and L n f2 ^ 0, since 
n is quasi-homogeneous So the strict convexity of f2 implies that L n must be 
a point {p} in <9f2. This implies p is a fixed point of Aut(Q). Since every strictly 
convex quasi-homogeneous projective domain is of class C , p has a unique tangent 
plane H p and it is preserved by Aut(fl). This means that f2 is a quasi- homogeneous 
strictly convex affine domain and so it must be an ellipsoid by Theorem l5.12l which 
gives a contradiction. □ 

This Proposition shows that every strictly convex quasi-homogeneous domain 
covers a compact projectively flat manifold. In addition, W. Goldman and S. Choi 
[T2*] proved that any strictly convex PP 2 -structure on a closed surface is a projective 
deformation of a hyperbolic structure. A 3-dimensional case was shown by I. Kim 
[21] and then Y. Benoist (HJ has proved it for more general case. 

6. QUASI-HOMOGENEOUS CONVEX AFFINE DOMAINS OF DIMENSION < 3 

In this section, we will characterize low dimensional quasi-homogeneous convex 
affine domains which are not cones. 

Proposition 6.1. Let Q be a properly convex quasi-homogeneous affine domain in 
M 2 . Then fl is affinely equivalent to either a quadrant or a parabola. 

Proof. If dimAC(fi) = 1 then is affinely equivalent to a parabola by 
Proposition 15.51 and Theorem 15.91 Otherwise dimAC(Sl) = 2, and hence fi must 
be a properly convex cone by Corollary 14. 51 Any two dimensional properly convex 
cone is affinely equivalent to a quadrant, which completes the proof. □ 

Proposition 6.2. Let Q be a properly convex quasi-homogeneous affine domain in 
P 3 . Suppose fl is not a cone. Then f2 is affinely equivalent to one of the following: 

(i) A 3-dimensional paraboloid, i.e., {(x, y, z) 6 P 3 | z > x 2 + y 2 }. 

(ii) A convex domain bounded by a parabola xR + , i.e., 

{{x, y) S R 2 | y > x 2 } x {z e P | z > 0} = {(a:, y, z) e P 3 | y > x 2 , z > 0}. 

Proof. By Theorem 15.91 and Proposition 15.51 il is affinely equivalent to a pa- 
raboloid if dimAC(ri) = 1. Since f2 is not a cone, dimAC(f2) ^ 3 by Corollary 
14.51 Hence it suffices to show that ft is affinely equivalent to a convex domain 
bounded by a parabola x R + if dimAC(Q) = 2. We know that fl admits a 
parallel foliation by cosets of the asymptotic cone of O by Proposition 14.41 Put 
AC 00 (fi) = AC(fi) n RP^ = ab. Now we will show that one of {a, b} is a conic 
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point of il. Choose an asymptotic cone point p 6 <9f2, then the triangle Apab is 
a 2-dimensional section of 17. Therefore there exists supporting hypcrplanes H pa 
and H po tangent to pa and pb respectively. Let L = H pa n H p f,. Suppose every 
asymptotic cone point is contained in L. Then the fact that f2 is not a cone implies 
that the set of all asymptotic cone points in L n dtt cannot be one point set and 
thus it is a bounded line, since L is not an asymptotic direction. This contradicts 
Lemma 13.61 So, there exists an asymptotic cone point p' £ dft such that p' ^ L. 
This means that p' ^ H pa or p' ^ H p i>. We may assume that p' ^ H pa . Note that 
H pa and H p i a are neither the same hyperplane nor parallel. So a is a conic face 
of Q when it is considered as a projective domain. In fact a is the intersection of 
the three independent supporting hyperplanes H pa , H p i a , H ao , where H a b is in fact 
OR 3 = KP^,. By Theorems E3 and El (i), we conclude that tt = a + Q' for some 
2-dimensional quasi-homogeneous properly convex projective domain Q' . Q' must 
contain all asymptotic cone points of and be an invariant quasi-homogeneous 
2-dimcnsional affine domain with 1-dimensional asymptotic cone. By Theorem 16. II 
f2' is a parabola. Consequently, we have that £1 = pa x Q'. □ 

If Q is a quasi-homogeneous convex affine domain which is not properly convex, 
then is a product fl' x R fc with k > 0, where tt' is a (n — fc)-dimensional quasi- 
homogeneous properly convex affine domain. So we get the following two corollaries 
from Propositions 16 . II and 16 . 21 

Corollary 6.3. Let il be a quasi-homogeneous convex affine domain in M 2 . Then 
fl is affinely equivalent to one of the following : 

(i) {(x,y) eR 2 \y>x 2 }, 

(ii) {(x,y) eR 2 |x>0,y>0}, 

(iii) {(x,y) eR 2 \y>0}, 

(iv) R 2 . 

Every 3-dimensional quasi-homogeneous properly convex cone is either a strictly 
convex cone or a simplex cone since a 2-dimensional quasi-homogeneous properly 
convex projective domain which is not a triangle is strictly convex. So we get 

Corollary 6.4. Let Q, be a convex quasi-homogeneous domain in R 3 . The fi is 

affinely equivalent to one of the following : 

(i) {{x,y,z) £i 3 z>x 2 +y 2 }, 

(ii) {(x,y,z) 6l 3 y > x 2 ,z > 0}, 

(iii) {(x,y,z) el 3 x>0,y>0} ! 

(iv) {(x,y,z) eM. 3 y> x 2 }, 

(v) {(x,y,z) 6M 3 z>0}, 

(vi) R 3 , 

(vii) a quasi-homogeneous strictly convex affine cone, 

(viii) a simplex cone. 

Remark 6.5. (i) Every 3-dimensional quasi-homogeneous properly convex affine 
cone is divisible. The reason is as follows: Any quasi-homogeneous properly 
convex 2-dimensional projective domain which is neither a triangle nor an 
ellipsoid is a strictly convex domain whose boundary is not twice differen- 
tiable on a dense subset by Provosition \5 '. 121 If the automorphism group of 
a 2-dimensional strictly convex domain has a 1-dimensional Lie subgroup, 
the boundary has a 1-dimensional orbit and consequently is twice differen- 
tiable, that is, the boundary is twice differ entiable on some open set. So the 
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automorphism group of a 2- dimensional quasi-homogeneous strictly convex 
domain whose boundary is not twice differentiable, must be discrete. There- 
fore every 2-dimensional quasi-homogeneous properly convex projective do- 
main is divisible and so is any 3-dimensional quasi-homogeneous properly 
convex affine cone. Actually, this fact follows from Provosition \5.1& 
(ii) Any strictly convex cone of (vii) is either an elliptic cone {{x,y,z) G 
R 3 | x 2 — y 2 — z 2 > 0} or its boundary is not twice differentiable on any 
open subset by Provosition \5.12\ 



7. Compact convex affine manifolds of dimension < 4 

Let M be a compact convex affine manifold. Then we get a divisible domain 
Cl and a discrete subgroup T of Aut a ff(f2) such that Cl/T = M. If Cl is properly 
convex, then it must be a cone by a result of Vey 021 • 

For a 2-dimensional compact convex affine manifold M, we know that f2 is a 
quadrant if it is properly convex. Otherwise Cl is a half space since the only 1- 
dimensional quasi- homogeneous affine domain is R + . 

Using the results in the previous section, we get the following. 

Theorem 7.1. Let Cl be an affine domain in R 3 which covers a compact convex 
affine manifold. Then Cl is affinely equivalent to one of the following : 

(i) R 3 , 

(ii) M 2 x R+ ; 

(iii) E x {(x,y) G R 2 \y > x 2 }, 

(iv) K x {(x, y) G R 2 | x > 0, y > 0}, 

(v) a quasi-homogeneous strictly convex cone, 

(vi) a simplex cone. 

Proof. Consider a 3-dimensional quasi-homogeneous convex affine domain CI. 
It is isomorphic to R fe x fi' for some (3 — fc)-dimensional properly convex affine 
domain Cl' . If k = 3, CI = M 3 and if k = 2, CI = R 2 x R+. Since a 2-dimensional 
quasi-homogeneous properly convex domain is either a quadrant or a parabola, Cl 
is either (iii) or (iv) if k = 1. If k = 0, that is, if Cl is properly convex, then it is a 
cone and thus either (v) or (vi) by Corollary 16.41 

All of these quasi-homogeneous domains are actually divisible. The divisibility 
of (iii) was shown by W. Goldman in |2()| and the divisibility of (v) is implied by 
Remark 16 .51 The remaining cases are easy. □ 

Similarly, we get the following theorem in 4-dimensional case. 

Theorem 7.2. Let Cl be an affine domain in R 4 which covers a compact convex 
affine manifold. Then Cl is affinely equivalent to one of the following : 

(i) R 4 . 

(ii) R 3 x R+ . 

(iii) R 2 x {(x,y) eM 2 \y>x 2 }, 

(iv) R 2 x {(x, y) £ R 2 | x > 0, y > 0}, 

(v) R x {(x, y, z) e R 3 | z > x 2 + y 2 }, 

(vi) R x R+ x {(a;, y) G R 2 | y > x 2 }, 

(vii) Rx a divisible properly convex cone of dimension 3, 

(viii) a divisible properly convex cone of dimension 4 
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W. Goldman and M. Hirsch proved in [22] that any compact complete affine 
3-manifold has parallel volume (see Cor. 3.3). They also proved that if a compact 
affine n-manifold M with holonomy group T has parallel volume, then the algebraic 
hull A(T) of r acts transitively and so T preserves no proper algebraic subset of 
R". Considering the developing image f2 of compact convex affine manifold of 
dimension < 4, we see that the holonomy group of compact convex affine manifold 
has a proper invariant algebraic set if its developing map is not surjective. So we 
get the following corollary. 

Corollary 7.3. Let M be a compact convex affine n-manifold. 

(i) For n = 3, M is complete if and only if it has parallel volume. 

(ii) For n — A, M is complete if it has parallel volume. 
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